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Abstract
Let G be a 0nite abelian group of exponent m, and k a positive integer. Let skm(G) be the
smallest integer t such that every sequence of t elements in G contains a zero-sum subsequence
of length km. In this paper, we determine skm(G) for some special groups G and study the
number of zero-sum subsequences of length m.
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1. Introduction
In 1961, Erdo˝s et al. proved that every sequence of 2|G| − 1 elements in a 0nite
abelian group G contains a zero-sum subsequence of length |G|, where |G| denotes the
order of G.
This result is one of the starting points of the recent study of zero-sum problems and
has been generalized in various directions [2,3,6–9,14,16,24]. Another starting point is
the Davenport’s constant D(G), which is the smallest integer d such that every sequence
of d elements contains a nonempty subsequence with sum zero. This constant has
been studied for about 30 years [1,4,5,10,11,19,21,23,26,27] and people are still very
interested in determining D(G).
Let G be a 0nite abelian group of order n, and let m = exp(G), the exponent of
G. For every positive integer k, let skm(G) be the smallest integer t such that every
∗ Address for correspondence: Department of Computer Science and Technology, University of Petroleum,
Beijing 102200, China.
E-mail address: wdgao@public.fhnet.cn.net (W.D. Gao).
1 Research supported in part by National Natural Science Foundation of China with grant number 19971058
and a Foundation of China Ministry of Education.
0012-365X/03/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0012-365X(03)00038-4
52 W.D. Gao /Discrete Mathematics 271 (2003) 51–59
sequence of t elements in G contains a zero-sum subsequence of length km. Now the
result of Erdo˝s et al. mentioned above can be restated that sn(G)6 2n− 1.
Recently, it has been shown that sn(G) = n+D(G)− 1 [16]. Set s(G) = sm(G). Let
Cn denote the cyclic group of n elements, and Ckn the direct product of k copies of
Cn. In 1973, Harborth [24] considered the problem to determine s(G) and derived the
following results:
2k(mn− 1) + 16 s(Ckmn)6m(s(Ckn )− 1) + s(Ckm):
Since then, many studies have been made on s(G). Here we list some known results
on s(G).
Theorem 1.1. Let p be a prime, and G a 5nite abelian group of exponent m. Then,
(1) s(Cn) = 2n− 1 [12].
(2) s(C2p)6 5p− 1 [18].
(3) s(C2p)6 5p− 2 for su7ciently large p [2].
(4) s(C2m) = 4m− 3 if m= 2a3b5c7d [25].
(5) s(C2mn) = 4mn− 3 if n= 2a3b5c7d and m6 (4n=3)1=3 [14]
(6) s(C2m)6 6m− 5 [2].
(7) There exists an absolute constant c such that s(G)6 (cd log2 d)
dm, where d is
the rank of G [3].
(8) s(G)6 |G|+ m− 1 [22].
(9) If G = Cpe1 ⊕ · · · ⊕ Cpek with pek ¿ 1 +
∑k−1
i=1 (p
ei − 1) then s(G)6 4pek − 3 +
2
∑k−1
i=1 (p
ei − 1) [20].
(10) s(C33 ) = 19 and s(C
4
3 ) = 41 [25].
In Section 2 of this paper, we show that Theorem 1.1 (5) holds with the restriction
of m6 (4n=3)1=3 replaced by m6 25
√
10(n− 1) (Theorem 2.5) and s(G) = (G) +
exp(G)−1 for exp(G)=3; 4 (Theorem 2.5, for the de0nition of (G) see Section 2). In
Section 3 we determine skm(G) for some p-groups (Theorems 3.4 and 3.6). In Section
4 we study the number of zero-sum subsequences of length exactly m (=exp(G))
(Theorem 4.1).
2. On s(G )
Let G be a 0nite abelian group. If G is nontrivial, then G = Cn1 ⊕ · · · ⊕ Cnr with
1¡n1| · · · |nr where nr = exp(G) is the exponent of G and r is called the rank of G.
Set M (G) = 1 +
∑r
i=1(ni − 1).
Let S = (a1; : : : ; ak) be a sequence of elements in G. We de0ne
(S) =
k∑
i=1
ai
the sum (of the elements) of S. Let  be the empty sequence and adopt the con-
vention that () = 0. A sequence T = (ai1 ; : : : ; ail) is called a subsequence of S, if
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16 i1¡ · · ·¡il6 k. Denote the index set {i1; : : : ; il} by IT . We say that subsequences
T1; : : : ; Tu of S are disjoint if their index sets IT1 ; : : : ; ITu are disjoint, and by T1 · · ·Tu
we denote the subsequence with index IT1 ∪ · · · ∪ ITu . Sometimes, we denote S also by∏k
i=1 ai and denote the sequence
(a; : : : ; a︸ ︷︷ ︸
t
)
by at . For two subsequences A; B of S, let A ∩ B be the subsequence with index set
IA ∩ IB, and S \ A the subsequence with index set {1; : : : ; k} \ IA. Furthermore, let
 (S) =
{∑
i∈I
ai | ∅ = I ⊂ {1; : : : ; k}
}
= {(T ) |  = T is a subsequence of S} ⊂ G
denote the set of sums of nonempty subsequences of S. We say, that the sequence
S is
zerofree if 0 ∈  (S),
a zero-sum sequence if (S) = 0,
a minimal zero-sum sequence if it is a zero-sum sequence and each proper subsequence
is zerofree.
For every group homomorphism ! :G → H , let !(S)=(!(a1); : : : ; !(ak))=
∏k
i=1 !(ai).
For every b∈G, by b+ S we denote the sequence (b+ a1; : : : ; b+ ak).
Denition 2.1. Let G be a 0nite abelian group of exponent m. We de0ne (G) to be
the smallest integer t such that every sequence of t elements in G contains a nonempty
zero sum subsequence of length not exceeding m.
Lemma 2.2. If G is a 5nite abelian group of exponent m, then
1. s(G)¿ (G) + m− 1.
2. (C2n) = 3n− 2.
Proof. 1. Let S =(a1; : : : ; a(G)−1) be a sequence of (G)− 1 elements in G such that
S contains no nonempty zero sum subsequence of length not exceeding m. Set
T =

a1; : : : ; a(G)−1; 0; : : : ; 0︸ ︷︷ ︸
m−1

 :
Clearly, T contains no zero sum subsequence of length m. Therefore, s(G)¿ (G) +
m− 1.
2. It has been proved in [17,27].
So far, for all G that s(G) is known, s(G) = (G) + m− 1. It is suggested that
Conjecture 2.3. s(G)= (G)+m− 1 holds for every 5nite abelian group G, where m
is the exponent of G [20].
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Conjecture 2.3, if true, with Lemma 2.2 would imply the following well known
conjecture by Kemnitz.
Conjecture 2.4. s(C2n) = 4n− 3 holds for every positive integer n [25].
The aim of this section is to prove the following result.
Theorem 2.5. Let G be a 5nite abelian group of exponent m.
1. If m∈{2; 3; 4}, then s(G) = (G) + m− 1.
2. If s(C2n) = 4n− 3 and m6 25
√
10(n− 1), then s(C2nm) = 4nm− 3.
For the proof of Theorem 2.5 we need the following lemmata.
Lemma 2.6. Let G be a 5nite abelian group of exponent m, and let i be in the
interval {1; : : : ; [m2 ] + 1}. Let S be a sequence of (G) + i − 1 elements in G. Then,
S contains a zero-sum subsequence T such that i6 |T |6m.
Proof. We proceed by induction on i.
i = 1, trivial.
Assume the lemma is true for 16 i6 [m2 ], we want to prove it is true also for i+1.
By the assumption of the induction, there is a zero-sum subsequence T1 of S such that
i6 |T1|6m. If |T1|¿ i+1 then we are done. Otherwise, |T1|= i, then |S\T1|¿ (G).
Therefore, there is a zero-sum subsequence T2 of S\T1 such that 16 |T2|6m. If
|T2|¿ i + 1 then we are done. Otherwise 16 |T2|6 i, put T = T1T2. Then, T is a
zero-sum subsequence of S and i + 16 |T |= |T1|+ |T2|6 2i6m.
Proposition 2.7. Let S be a sequence of (G) + m − 1 elements in G. Suppose that
S contains some element at least m − [m2 ] − 1 times. Then, S contains a zero-sum
subsequence of length m.
Proof. Write S=atS1 with t¿m−[m2 ]−1. Without loss of generality, we may assume
that a=0 (otherwise we consider −a+S instead of S). Now S=0tS1. If t¿m, then 0m
is a zero-sum subsequence of S and we are done. Otherwise m− [m2 ]− 16 t6m− 1.
Since |S1| = (G) + m − t − 1 and 16m − t6 [m2 ] + 1, it follows from Lemma 2.6
that there is a zero-sum subsequence T of S such that m− t6 |T |6m. Now 0m−|T |T
is a zero-sum subsequence of length m.
Proof of Theorem 2.5. 1. Since m − [m2 ] − 16 1 for m = 2; 3 or 4, now the theorem
follows from Proposition 2.7 and Lemma 2.2.
2. Let S=(a1; : : : ; a4nm−3) be a sequence of 4nm−3 elements in C2nm. It is suOcient to
prove that S contains a zero-sum subsequence of length nm. Let ! be a homomorphism
from C2nm onto C
2
m with ker ! = C
2
n (up to isomorphism). For any g∈C2m, by Sg we
denote the subsequence of S consisting of all terms ai with !(ai) = g. Choose h∈C2m
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so that |Sh|=max{|Sg|; g∈C2m}. Then,
|Sh|¿ |S||C2m|
=
4nm− 3
m2
¿ 5
m
2
¿ 5(m− [m=2]− 1):
Therefore
|Sh|¿ 5(m− [m=2]− 1): (1)
Now applying Theorem 1.1 (6) repeatedly to the sequence S\Sh, one can 0nd disjoint
subsequences T1; : : : ; Tl such that !(Ti) is a zero-sum sequence of length m for i =
1; : : : ; l, and such that !(S\ShT1 · · ·Tl) contains no zero-sum subsequence of length m.
Therefore
(Ti)∈C2n and |Ti|= m for i = 1; : : : ; l: (2)
Set W = S\ShT1 · · ·Tl, then |W |= |!(W )|6 6m− 6 follows from Theorem 1.1 (6).
If |W |¿ 4m− 3− (m− [m2 ]− 1), then by Proposition 2.7 and Lemma 2.2, there is a
subsequence U1 of WSh such that |U1|=m; |U1∩Sh|6m− [m2 ]−1; |U1∩W |¿ [m2 ]+1
and !(U1) is zero-sum. Hence, (U1)∈C2n . If |W\(U1∩W )|¿ 4m−3− (m− [m2 ]−1),
similarly one can get a subsequence U2 of WSh\U1 such that |U2|=m; |U2∩Sh|6m−
[m2 ] − 1; |U2 ∩ W |¿ [m2 ] + 1 and !(U2) is zero-sum. Hence, (U2)∈C2n and U1 and
U2 are disjoint. Continue the same process above and note that |W |6 6m − 6 and
|Sh|¿ 5(m− [m2 ]− 1), one can 0nd t(6 5) disjoint subsequences
U1; U2; : : : ; Ut
such that |Ui| = m; |Ui ∩ Sh|6m − [m2 ] − 1; |Ui ∩ W |¿ [m2 ] + 1 and (Ui)∈C2n for
i = 1; : : : ; t, and |W\(W ∩ (U1 · · ·Ut))|6 4m− 4− (m− [m2 ]− 1). Let
V1; : : : ; Vr
be some disjoint subsequences of Sh\(Sh∩(U1 · · ·Ut)) such that |(Sh\(Sh∩(U1 · · ·Ut)))\
V1 · · ·Vr|6m− 1 and such that |V1|= · · · |Vr|=m. Clearly, (Vi)∈C2n . Now we have
|WSh\(U1 · · ·UtV1 · · ·Vr)|6 4m − 4 − (m − [m2 ] − 1) + m − 1 = 4m − 4 + [m2 ]. We
distinguish two cases.
Case 1: If |WSh\(U1 · · ·UtV1 · · ·Vr)|6 4m − 4, then l + t + r = |S\(WSh\
(U1 · · ·UtV1 · · ·Vr))|=m¿ (4nm−3−(4m−4))=m¿ 4n−4. Therefore, l+t+r¿ 4n−3.
It follows from s(C2n) = 4n− 3 that
(T1) · · · (Tl)(U1) · · · (Ut)(V1) · · · (Vr)
contains a zero-sum subsequence of length n and hence, S contains a zero-sum subse-
quence of length mn.
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Case 2: If |WSh\(U1 · · ·UtV1 · · ·Vr)|¿ 4m−3. Since |W\(W ∩ (U1 · · ·Ut))|6 4m−
4 − (m − [m2 ] − 1), |(WSh\(U1 · · ·UtV1 · · ·Vr)) ∩ Sh|¿ (m − [m2 ] − 1). By Proposition
2.7 and Lemma 2.2, WSh\(U1 · · ·UtV1 · · ·Vr) contains an m-term subsequence M with
(M)∈C2n . Note that |WSh\(U1 · · ·UtV1 · · ·VrM)|6 4m−4+[m2 ]−m¡ 4m−4. Now,
similarly to the proof of Case 1 one can prove the theorem.
Corollary 2.8. 1. If n= 2a3b5c7d and m6 25
√
10(n− 1) then s(C2nm) = 4nm− 3.
2. If s(C2n) = 4n− 3 and if p6 23
√
6(n− 1) then s(C2np) = 4np− 3, where p¿ 7
is a prime.
3. If n= 2a3b5c7d and p6 23
√
6(n− 1) then s(C2np) = 4np− 3, where p¿ 7 is a
prime.
4. If m is a positive integer, then s(C2k ) = 4k − 3 holds for k = 2mm.
Proof. (1) It follows from Theorems 2.5 and 1.1 (4).
(2) The proof is similar to that of Theorem 2.5 but by using Theorem 1.1 (2) instead
of Theorem 1.1 (6) in it.
(3) It follows from (2) and Theorem 1.1 (4).
(4) It follows from (1) with n= 2m.
3. On skm(G )
Theorem 3.1. Let G be a 5nite abelian group of exponent m, and k a positive integer.
Then,
1. skm(G)¿ km+ D(G)− 1.
2. If k ¡D(G)=m then skm(G)¿km+ D(G)− 1.
Proof. 1. Let a1; : : : ; aD(G)−1 be a zero-free sequence of D(G)− 1 elements in G. Set
T = 0km−1
∏D(G)−1
i=1 ai. Clearly, T contains no zero-sum subsequence of length km and
|T |= km+ D(G)− 2. Hence, skm(G)¿ km+ D(G)− 1.
2. For km¡D(G), let a1; : : : ; aD(G) be a minimal zero-sum sequence of D(G) ele-
ments in G. Set T = 0km−1
∏D(G)
i=1 ai. Clearly, T contains no zero-sum subsequence of
length km and |T |= km+ D(G)− 1. Hence, skm(G)¿km+ D(G)− 1.
Theorem 3.2. Let G be a 5nite abelian group of exponent m, and k a positive integer.
Suppose that k¿ n=m. Then, skm(G) = km+ D(G)− 1 [13,16].
Proof. In [16], it has been shown that skm(G) = km + D(G) − 1 for k = n=m and the
method used there works also for k¿ n=m.
Lemma 3.3 (Olson [26]). If G is 5nite abelian p-group then D(G) =M (G), where p
is a prime.
Theorem 3.4. Let p be a prime, and G a 5nite abelian p-group. Let l be a positive
integer such that pl¿M (G). Then, splk(G)=plk+M (G)−1 holds for every positive
integer k.
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Proof. Let a1; : : : ; aplk+M (G)−1 be a sequence of plk +M (G) − 1 elements in G. Let
bi = (ai; 1) with 1∈Cplk for i = 1; : : : ; plk + M (G) − 1. Then, b1; : : : ; bplk+M (G)−1
is a sequence of plk + M (G) − 1 elements in G ⊕ Cplk . By Lemma 3.3, D(G ⊕
Cplk) = M (G ⊕ Cplk) = plk + M (G) − 1. Therefore, there exists a nonempty subset
I ⊂ {1; : : : ; plk + M (G) − 1} such that ∏i∈I bi is a zero-sum sequence of elements
in G ⊕ Cplk . Hence,
∏
i∈I ai is a zero-sum sequence in G. By the making of bi we
have plk‖I |, but 16 |I |6plk +M (G)− 1¡ 2plk. This forces that |I |=plk. Hence,∏
i∈I ai is a zero-sum sequence of p
lk elements in G.
Denition 3.5. Let G be a 0nite abelian group of exponent m. De0ne l(G) to be the
smallest integer t such that for every k¿ t, skm(G) = km+ D(G)− 1.
Theorem 3.6. Let p be a prime, and G a 5nite abelian group of exponent m. Then,
(1) D(G)=m6 l(G)6 |G|=m.
(2) s2kps(C2ps) = 2kp
s + 2ps − 2 holds for every positive integer k.
(3) l(C2ps)6 4.
(4) l(C2ps) = 2 for p∈{2; 3; 5; 7}.
To prove Theorem 3.6 we need the following
Lemma 3.7. If D(C3m) =M (C
3
m) = 3m− 2, then every sequence of 3m− 2 elements in
C2m contains a zero-sum subsequence of length m or 2m [18].
Proof of Theorem 3.6. (1) Follows from Theorem 3.1 and Theorem 3.2.
(2) For k =1, let S be a sequence of 4ps− 2 elements in C2ps . By Lemmas 3.3 and
3.7, there is a zero-sum subsequence S1 of S such that either |S1| = 2ps and we are
done, or |S1|=ps. Again by Lemmas 3.3 and 3.7, there is a zero-sum subsequence S2
of S\S1 such that either |S2|=2ps and we are done, or |S2|=ps. Therefore, S1S2 is a
zero-sum subsequence of S with |S1S2|=2ps. This shows that s2ps(C2ps)6 4ps−2 and
the equality follows from Theorem 3.1. For k¿ 2, it is easy to prove it by induction
on k and we omit the details here.
(3) Let k¿ 4, and let S be a sequence of kps+2ps−2 elements in C2ps . If k is even,
by (2), there is a zero-sum subsequence of S with length kps. If k is odd, by Theorem
1.1 (6), there is a zero-sum subsequence S1 of S with |S1|=ps. Now apply (2) to S\S1,
one can 0nd a zero-sum subsequence S2 of S\S1 with |S2|=(k−1)ps. Hence, S1S2 is a
zero-sum subsequence of S with |S1S2|=kps. This shows that skps(C2ps)6 kps+2ps−2
for k¿ 4 and the equality follows from Theorem 3.1. Hence, l(C2ps)6 4.
(4) can be proved like (3) and we omit the details here.
Conjecture 3.8. If k ¡ l(G) then skm(G)¿km+D(G)−1, where G is a 5nite abelian
group of exponent m.
Conjecture 3.9. If G ∈ {Cn; C22} then l(G)¡ |G|=m, where m= exp(G).
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4. On the number of zero-sum subsequences of length exp(G )
Let p be a prime, and G a 0nite abelian p-group. Let S be a sequence of elements
in G. For every g∈G, by r(S; g) we denote the number of subsequences T of S with
|T |=exp(G) and (T )=g. For G=Cp, it has been shown [15] that r(S; 0) ≡ 1 (modp)
and r(S; g) ≡ 0 (modp) for 0 = g∈Cp. Quite recently, Sury [28] gave a new proof
of this result by using the Chevalley–Warning theorem. In this section we prove the
following general result.
Theorem 4.1. Let p be a prime, and let G=Cpe1 ⊕· · ·⊕Cpek with 16 e16 · · ·6 ek .
Let n be a positive integer such that pn¿ 1 +
∑k
i=1(p
ei − 1). Let S be a sequence
of elements in G with pn+
∑k
i=1(p
ei − 1)6 |S|6 2pn− 1. Then, r(S; 0) ≡ 1 (modp)
and r(S; g) ≡ 0 (modp) for 0 = g∈G.
Let S be a sequence of elements in a 0nite abelian group G, and g∈G. De0ne
fE(S; g) (resp. fO(S; g)) to be the number of subsequences T with (T )= g and 2‖T |
(resp. 2|T |). Recall that  is the empty sequence. Clearly, fE(S; 0)¿fE(; 0) = 1 for
every sequence S.
Lemma 4.2 (Olson [26]). Let p be a prime, and let G = Cpe1 ⊕ · · · ⊕ Cpek with
16 e16 · · ·6 ek . Let S be a sequence of elements in G with |S|¿ 1+
∑k
i=1(p
ei−1).
Then, fE(S; g)− fO(S; g) ≡ 0 (modp) for every g∈G
Proof of Theorem 4.1. Suppose S=(a1; : : : ; at). De0ne bi=(1; ai) for i=1; : : : ; t, where
1∈Cpn . Clearly, bi ∈Cpn ⊕G. Set W =(b1; : : : ; bt). Since t= |S|¿pn+
∑k
i=1(p
ei −1),
by Lemma 4.2 we have fE(W; h)−fO(W; h) ≡ 0 (modp) for every h∈Cpn ⊕G. Now
we distinguish two cases:
Case 1. p¿ 2. By the making of W we clearly have fE(W; (0; 0))=1 and r(S; 0)=
fO(W; (0; 0)) ≡ fE(W; (0; 0)) ≡ 1 (modp), where 0∈G. Again by the making of W
we clearly have fE(W; (0; g)) = 0 for every 0 = g∈G and r(S; g) = fO(W; (0; g)) ≡
0 (modp).
Case 2. p=2. By the making of W we clearly have fO(W; (0; 0))=0 and r(S; 0)=
fE(W; (0; 0))−1 ≡ −1 ≡ 1 (mod 2), where 0∈G. Again by the making of W we clearly
have fO(W; (0; g)) = 0 for every 0 = g∈G and r(S; g) = fE(W; (0; g)) ≡ 0 (mod 2).
This completes the proof.
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